We show that the inclusion of effects beyond Migdal's limit in the electronphonon interaction naturally leads to an isotope effect for the effective mass m * of the charge carriers even much before reaching the polaron limit. This is the situation already considered in our approach to nonadiabatic superconductivity [6] . Such a result provides a scenario different from the polaronic one for the interpretation of the recently observed isotope effect on m * in YBa 2 Cu 3 O 6+x and La 2−x Sr x CuO 4 [1, 2] . We propose that a direct and unambiguous experimental test on α m * could be achieved by specific heat measurements in the normal state.
where m * is the electronic effective mass and n s is the supercarrier density. According to Eq.(1), an isotope effect on λ(0) can therefore be induced by an isotope effect on m * and/or on n s . However, for T ≪ T c , also assuming an electron-phonon type of pairing, the dependence of n s on the ion-mass M is negligible [4] and an eventual isotope-induced dependence of n s on the hole concentration has been ruled out [1, 2] . Zhao et al. therefore concluded that the observed isotope effect on λ(0) can be entirely attributed to an oxygenmass dependent m * . In this hypothesis and by using Eq.(1), the oxygen isotope effect on m * , α m * = −d ln(m * )/d ln(M), has been estimated to be α m * = −0.61 ± 0.09 for YBa 2 Cu 3 O 6.94 [1] and α m * ≃ −0.8 (−0.5) for La 2−x Sr x CuO 4 for x = 0.105 (0.15) [2] . These large negative values of α m * cannot be explained by the classical Migdal-Eliashberg (ME) theory of the el-ph interaction, which states that α m * = 0. In fact this theory predicts that the electronmass renormalization factor m * /m = Z 0 is given by Z 0 = 1+λ, where λ is the el-ph coupling constant, i.e., a quantity independent of the ion-mass M (λ must not be confused with λ(0), the penetration depth). This is a consequence of the adiabatic condition λ ω D /(qv F ) ≪ 1, where ω D is the Debye phonon frequency, v F is the Fermi velocity and q is the momentum transfer in the el-ph scattering. The adiabatic condition permits to neglect the vertex corrections to the el-ph interaction (Migdal approximation) and represents the basis of the formulation of the ME theory. Let us start our discussion with the polaron model. A similar analysis has already been performed in Ref. [2] in connection with the experimentally observed isotope effect on the penetration depth λ(0) [1, 2] . For simplicity, we consider the Holstein model [8] where phonons with frequency ω 0 are locally coupled to electrons through a structureless el-ph coupling g. Within the range of applicability of the Holstein approximation, the effective mass of a polaron is given as follows:
where m is the bare electron mass. Eq.(2) describes the mobility of an electron surrounded by a phonon cloud which rigidly follows the electron (polaron). Therefore Eq.(2) applies to the el-ph system in the nonadiabatic regime ω 0 /E F > 1, provided that the quantity g 2 /ω 0 is not too large [9] . Since g 2 ∝ (Mω 0 ) −1 and ω 2 0 ∝ 1/M, from Eq. (2) we obtain that m * ∝ exp √ γM , where γ is a constant independent of M. The isotope effect on m * is therefore given by:
The above expression gives a negative value of α m * in accordance therefore with the results reported in Refs. [1, 2] . We must stress however that this result is based on Eq. (2), which is valid only as long as ω 0 /E F > 1, which seems not to be the case for YBa 2 Cu 3 O 6+x and
A mechanism different from the polaronic one capable of giving an ion-mass dependent m * can be provided also by a strong energy dependence of the electronic density of states (DOS) N(ǫ) near the Fermi level. In fact, photoemission measurements have given evidence for flat electronic bands close to the Fermi level for a large class of cuprates [11] , opening the possibility that van Hove singularities (vHs) in the DOS could lead to important effects on both the normal and the superconducting phases [12] . As discussed in Ref. [13] , the presence of a van Hove singularity (or other types of singularities) near the Fermi level represents an intrinsic nonadiabatic situation, where Migdal's theorem is not valid even if
However, in this paper we analyze only the effects of the vHs on the effective electronic mass without the inclusion of the el-ph vertex correction, which will be discussed below only within a structureless DOS model.
In the approximation of an electronic band linearized around the saddle point, ǫ k = k x k y /m, the DOS is given by
where −E/2 ≤ ǫ ≤ +E/2 and N 0 = N/E corresponds to a constant DOS with N electronic states. In this model, the vHs is located at the Fermi energy E F = E/2. Neglecting the momentum dependence of the electronic self-energy Σ(iω n ), the renormalization of the electronic mass is given by:
Here we consider the case of dispersionless phonons with energy ω 0 interacting with electrons via a constant coupling g. Performing the same approximations used in Ref. [13] , the mass renormalization factor Z 0 reduces to:
where only the leading term of order O(λ 0 ) have been considered and
represents the value of el-ph coupling constant for a constant electronic DOS. Eq.(6) defines also the physically observable el-ph coupling constant λ = λ 0 ln (1 + E F /ω 0 ) [13] which, in contrast to the usual el-ph coupling in absence of DOS singularities, depends on the ion mass M through the phonon frequency ω 0 . The coefficient of the isotope effect on the electronic effective mass is therefore:
Equation ( These values appear rather small with respect to the experimental results α m * ∼ −(0.6÷0.8) [1, 2] . Note that in contrast to the isotope effect on m * , the presence of the vHs leads to a strong suppression of the isotope effect on T c [12] .
Let us consider now the effects of the el-ph vertex correction beyond Migdal limit on the electronic effective mass. The scenario of the el-ph interplay resulting from the inclusion of this nonadiabatic correction is different from the polaronic one. In fact the inclusion of the vertex correction is relevant before the cross-over to polarons is reached and leads to peculiar effects, such as the strong momentum transfer dependence of the transition to the superconducting state, which are not recovered by the theory of small polarons.
The electronic self-energy Σ(iω n ) is depicted in Fig. 1 where the first vertex correction has been included. In calculating the mass renormalization factor Z 0 defined by Eq. (5), we use the function Z(iω n ) = 1 − Σ(iω n )/(iω n ) obtained in a previous work [7] and reported below:
Here, ω n and ω m are fermionic Matsubara frequencies. λ Z (iω n , iω m ; Q c ) is the frequency dependent el-ph coupling resulting from the inclusion of the first vertex correction function P V (iω n , iω m ; Q c ) into the electronic self-energy:
The explicit expression of the vertex function P V has already been presented in Ref. [7] for the three dimensional case and in Ref. [13] for the two dimensional one. The dimensionless parameter Q c = q c /(2k F ), where q c is a cut-off over the momentum transfer q and k F is the Fermi wave number, follows from the model we use for the el-ph coupling function
The aim of this model is to simulate the effect of strong electronic correlations on the el-ph matrix element. In fact, according to different theoretical approaches, the tendency of the electronic correlation [14] and the weak screening [15] is to suppress the scattering processes with large momentum transfer and, at the same time, to enhance the small Q = q/(2k F ) scatterings.
The calculated Z(iω) is shown in Fig. 2 as a function of ω/ω 0 for ω 0 /E F = 0.2, λ = 1.0.
When the vertex correction is not included (dashed line), Z(iω) takes the maximum value
Z max at ω = 0. The deviation from the adiabatic limit [lim ω 0 /E F →0 Z max = 1 + λ] is due only to the finiteness of the electronic band [7] . When the vertex correction is included (solid lines) the maximum of Z(iω) is shifted towards higher values of the frequency ω. For fixed values of ω 0 /E F and λ, the position and the amplitude of Z max depend on the cut-off parameter Q c . Moreover, the value of Z(iω) at ω = 0 is considerably lowered by the presence of the vertex correction. This feature can be understood by considering that at ω = 0 the electron-mass renormalization factor Z 0 is mostly modified by the static limit of the vertex function, P V (iω n , iω m → iω n ; Q c ) , which is found to be negative [7] . This can be recovered also by the following analytic expression valid for ω 0 /E F → 0 and ω 0 /(Q 2 c E F ) small:
where the contribution of the negative static limit is given by the third term of the right hand side. Note instead that for the superconducting transition the situation is rather different, since the range of the relevant frequencies is of order of ω 0 . In such a region of frequencies the vertex function shows a complex behavior that can lead to an amplification or a suppression of T c depending on the value of the parameter Q c [6, 7] . This different role of the nonadiabatic contribution in Z 0 and T c reflects the fact that the inclusion of the vertex corrections cannot be merely interpreted as a simple renormalization of the el-ph coupling.
We show in Fig. 3 This can be also inferred from Eq.(11) which gives:
where the finite band effects have been neglected (ω 0 /E F ≪ 1) and the vertex correction is evaluated only up to the linear term ω 0 /(Q 2 c E F ). Note that in Fig. 3 α m * does not show in the whole region of ω 0 /E F a crucial dependence on Q c as instead is observed for the superconducting transition temperature T c [6, 7] .
The result reported in Fig. 3 have been obtained by considering a structureless DOS and are therefore relevant for three dimensional systems like the fullerene and the BaBiO 3 compounds. We believe that in the two dimensional case, the interplay between the van Hove singularity and the vertex correction can easily give more negative values of α m * compared to the present results. This is expected to be the same also in the polaronic regime, since the presence of vHs tends to increase the polaronic effect [9] In summary, we have discussed the effect of different nonadiabatic el-ph regimes on the effective electronic mass m * . The main result is that the possibility of having nonzero values of α m * cannot be associated exclusively to the presence of polaronic charge carriers. We have shown, in fact, that a negative m * -isotope coefficient can be obtained by considering the effect of a van Hove singularity in the DOS and also by taking into account the first el-ph vertex correction beyond Migdal's limit. The latter result appears to be of particular interest in view of the fact that in the nonadiabatic theory of superconductivity the breakdown of Migdal's theorem can lead to a strong enhancement of T c and various other effects [6, 7, 13] .
In this perspective, it would be extremely interesting to investigate experimentally the isotope effect on m * in the normal state. This, for example, could be achieved by employing measurements of the specific heat C for different classes of high-T c materials such cuprates and fullerene compounds. In fact, within the Fermi liquid description, the electronic contribution to C in the normal state behaves like γ n T ∝ m * T . The Sommerfeld coefficient γ n has been already measured within a good accuracy for several high-T c compounds [16] .
Therefore one should be able to measure α m * by a direct investigation of the isotope effect on the electronic contribution to the specific heat.
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